Changes in the instantaneous shear modulus associated with the non-coaxiality of NC clay materials are presented. A series of hollow cylindrical shear tests was performed to measure the changes in the instantaneous shear modulus with shear history. After each normally consolidated clay specimen was compressively sheared until a prescribed shear level, it was continuously torsionally sheared under a constant volume to measure the instantaneous shear modulus. Coaxial constitutive relations, such as these of the conventional Cam-clay type of models, predict that the instantaneous shear modulus obtained, does not change regardless of the compressive shear history. On the contrary, it is known that non-coaxial constitutive relations theoretically bring about changes in the instantaneous shear modulus in relation to the compressive shear history. The test results supported the predictions made by the non-coaxial constitutive models. Finally, the proper formulation for the non-coaxiality between the stress and the incremental plastic strain is discussed.
INTRODUCTION
Strain localization, such as shear band formation, is a key subject in geomechanics in association with the bearing capacity and the progressive failure of soil. It has been revealed that the occurrence of shear bands is closely related to the non-coaxiality between the Cauchy stress and the plastic stretching in the elasto-plastic constitutive relation for the granular materials, e.g. Rudnicki and Rice (1975) . Yatomi et al. (1989) examined the theoretical conditions of shear band formation for the Cam-clay model for finite strains /deformations, which is called the coaxial Cam-clay model, extended from the original Cam-clay model (Schofield and Wroth, 1968 ) developed for small strains. They incorporated the non-coaxial term into the coaxial Cam-clay model in the manner of Rudnicki and Rice (1975) , which is called the non-coaxial Cam-clay model, and showed that the non-coaxiality made the occurrence of shear bands easier and reduced the instantaneous shear modulus with shearing. On the contrary, in the case of coaxial models like the coaxial Cam-clay model, the instantaneous shear modulus remains unchanged with shearing. Shibi et al. (2000) investigated inhomogeneous deformation behavior of clay applied for a coaxial and non-coaxial Cam-clay model under the plane strain undrained compression loadings based on bifurcation theory, and showed that the non-coaxial Cam-clay model can explain a bulge forming of the specimen, which are often observed in laboratory tests, while the coaxial Cam-clay model cannot express. Hashiguchi and Tsutsumi (2003) recently proposed a sophisticated elasto-plastic constitutive model for soil, considering the tangential stress rate effect, and showed that the non-coaxiality arising from the tangential stress rate term reduced the instantaneous shear modulus with shearing. These non-coaxial constitutive models are categorized to be the non-coaxiality due to the stress rate effect additional to the plastic stretching.
On the contrary, one can have a non-coaxial constitutive model due to the anisotropy, without any influence from the stress rate. Iizuka et al. (1992) investigated the effects of the non-coaxiality arising from the initial stress induced anisotropy for the condition of shear band occurrence and showed that the non-coaxiality brought about the shear stress dependency in the instantaneous 152-8552, Japan. shear modulus. The anisotropy induced from the rotational hardening of a loading surface with shearing (Hashiguchi and Chen, 1998) would have the influence on the non-coaxiality, according to its evolutional law. Thus, the non-coaxiality is closely related not only to the occurrence of shear bands, but also to the anisotropy of the materials. These theoretical studies suggest that noncoaxiality is a key property in governing the mechanical characteristics of soil. However, no experimental studies on the non-coaxiality of clay have yet been seen, while there have been experimental studies of the non-coaxiality on sands, e.g. Ishihara and Towhata (1983) , Gutierrez and Ishihara (2000) .
In this paper, the instantaneous shear modulus is measured through torsion shear tests for hollow cylindrical clay specimens, and the shear stress dependency in the instantaneous shear modulus is experimentally examined. Applying two types of non-coaxial elasto-plastic constitutive model; the non-coaxial Cam-clay model (Yatomi et al., 1989) and the subloading surface model with tangential stress rate effect (Hashiguchi and Tsutsumi, 2003) , theoretical and experimental predictions of change in the instantaneous shear modulus are discussed. The reasons why the anisotropic constitutive models are not applied are that the initial stresses in the clay specimen are set to be isotropic in experiment and that the non-coaxiality due to stress-induced anisotropy induced from the rotation of the yielding surface is indistinguishable from the one due to the stress rate effect.
Note that tension and extension are taken as positive , while compression and contraction are taken as negative , except for the (effective) mean stress and the pore water pressure.
THEORETICAL PREPARATION
Let us consider an elasto-plastic constitutive relation that can be expressed in the Cartesian coordinate system as;
( 1) with under undrained (incompressible) and plane strain conditions (see APPENDIX I). Herein , Tfi, 7"'22 and Tf2 indicate 11, 22 and 12 components of the co-rotational effective Cauchy stress (Jaumann) rate tensor , and D11, D22 and D12 are 11, 22, and 12 components of the stretching tensor, respectively. and and p are instantaneous shear moduli (see Fig. 1 ).
In the case of the non-coaxial Cam-clay model (Yatomi et al., 1989) , p is expressed as; (2) in which G is the elastic shear modulus and h1 is the second hardening parameter defined as h1= (p' M 3A) (1 -a) (see APPENDIX II). p' is the effective mean Cauchy stress, M and A are material constants (M is the critical state parameter and A is the non-coaxiality parameter) , and a= qIMp' is the shear history parameter indicating access to the critical state (0 < a < 1 in which a = 0 corresponds to the initial isotropically consolidated state and a=1 is the critical state). q is the generalized shear stress defined by q =1/(3 /2)siisi; and sn is the deviatoric stress tensor. When the non-coaxial term is removed (A = 0 and then h1--CO), the model is automatically reduced to the original (coaxial) Cam-clay model ( ,u= G). Note that another instantaneous shear modulus, p* , is found to remain unchanged even when the non-coaxial term is added (see Yatomi et al., 1989) . On the other hand , Hashiguchi and Tsutsumi (2003) proposed an elasto-plastic subloading surface model with the tangential stress rate effect. In this model, instantaneous shear modulus ,u i s expressed as; (3) in which Ta = (p' R-b (lac) is the term from the tangential stress rate effect and R is the normal yield ratio (0 <R < 1 in which R= 1 corresponds to the normally consolidated state and R <1 is the overconsolidated state). a, b , and c are material constants.
When the hypoelasticity is employed for the isotropic elastic component, the shear modulus is expressed as (4) in which K is the elastic bulk modulus (K= (p' /y) in which y is a constant).
In this paper, instantaneous shear modulus ,u is meas- 
HOLLOW CYLINDRICAL TORSIONAL SHEAR TESTS Clay Sample and Test Procedure
Kaolin clay is used in the experiment. Specific gravity Gs is 2.622, liquid limit wL is 73.9%, and plastic limit wp is 42.5%. The grain size distribution is shown in Fig. 2 . The kaolin powder was mixed with deaerated water and slurry paste of which the water content was made to be two times the liquid limit. The kaolin clay specimens for the shear tests were prepared by pre-consolidating the slurry paste with a vertical pressure of 117.6 kPa.
Before carrying out the hollow cylindrical torsion shear tests, the conventional triaxial tests (CU) listed in Table 1 were performed to specify the material parameters, critical state parameter M, and so forth. Figure 3 indi- Table  1 .
Test cases of CU test cates the e-log p' relations, obtained from the isotropic consolidation process before undrained shear, together with the e-log a\ relations obtained from the oedometer test results. Figure 4 shows the changes in the drainage volume with elapsed time during the isotropic consolidation. The stress and strain relations and the effective stress paths obtained from the undrained shear process are shown in Fig. 5 , in which the confining pressure (the final consolidation pressure), IX, is indicated in the figures. Thus, critical state parameter M is found to be 1.15 from these CU test results.
The procedure for the hollow cylindrical torsion tests is summarized in Fig. 6 . Each hollow cylindrical specimen was set in the torsion shear test apparatus, as shown in Fig. 7 , and was isotropically consolidated with the prescribed consolidation pressure listed in Table 2 . Next, the specimen was compressively sheared at a constant rate of axial strain up to the prescribed shear level defined by a Fig. 6 .
Test procedure for the torsion shear tests Fig. 7 . Hollow cylindrical shear test apparatus Table 2 .
Test Results
The compression responses obtained from the isotropic consolidation process for hollow cylindrical specimens are shown in Fig. 8 for a comparison with these of Fig. 3 for conventional triaxial specimens. Figure 9 shows the changes in the drainage volume with elapsed time during the isotropic consolidation.
The compressive shear responses of the hollow cylindrical specimens (TS-01 to TS-05 in Table 2 ) are shown in Fig. 10 , in which the stress and strain relations are in (a), the effective stress paths are in (b), and the pore water pressure development during shear are in (c). The stress and strain responses and the effective stress paths of the undrained compressive shear for the hollow cylindrical specimens agree well with those in Fig. 5 for the compressive CU shear of the column specimens, except for the abrupt drops in deviatoric stress near the critical stress state, as seen in Fig. 10 . In order to know the cause of such an extraordinary drop in deviatoric stress, a careful observation of how the deformation of the hollow cylindrical specimens progresses with the compressive shear was made . The hollow cylindrical specimens deformed almost uniformly until the vicinity of the critical stress state. Near the critical state , however, a discontinuous plane appeared in the upper portion of the specimens and a non-uniform deformation suddenly developed, like a buckling phenomenon , as shown in Fig. 11 . Hereafter, therefore , the data following the peak in deviatoric stress should not be used for anything more than reference.
The specimens (TS-6 to TS-10) were compressively sheared until the prescribed values of a listed in Table 2 under undrained conditions and were consecutively torsionally sheared under a constant volume . Figure 12 shows the torsionally sheared responses of the specimens . The local coordinate system defined for the hollow cylindrical specimens is explained in Fig . 13 .
INSTANTANEOUS SHEAR MODULUS Assumptions for the Torsional Shear of the Hollow Cylindrical Specimens
Herein, we assume that the diameter of the hollow cylindrical specimens is sufficiently large and the deformation in the radial direction is negligibly small during the early stage of the torsional shear . Namely, the early stage of the torsional shear for the hollow cylindrical specimens can be assumed as the simple shear (x1---; 0 , x2 =.z and x3_-_.' r), as shown in Fig . 14 . Since deformation gradient F and velocity gradient L are denoted as; (5) stretching D and spin W are expressed as (6) Then, the 12 component (shear component) .of co-rotational effective Cauchy stress rate Tf2 (T' =T' -WT' + T'W) is expressed as; (7) From the second equation of Eq. (1), instantaneous shear modulus p is then expressed as; (8) For small increments from the beginning of the torsional shear, t = 0 to t = At , Eq. (8) can be approximately discretized as;
Comparison of the Experimental Data and the Theoretical Predictions Using Eq. (9), the value of instantaneous shear modulus ,u can be calculated from the experimental data (the early stage of the torsionally sheared response) shown in Fig. 12 . Herein, the torsional shear was carried out at a sufficiently low rate of 0.03 deg/min , and then we adopted a measurable and minimum time increment as At (approx. 15 min each). Thus, calculated instantaneous shear moduli p are normalized by the instantaneous shear modulus at a= 0 and pa-o. They are then plotted against compressive shear history a, together with the theoretical predictions by (a), the non-coaxial Cam-clay model for Eq. (2), and by (b), Hashiguchi and Tsutsumi's model for Eq. (3), as shown in Fig. 15 . The theoretical predictions are denoted by the solid curves in the figures , and the input parameters needed in the models are estimated from the soil properties shown in Figs. 3 and 5 , namely, the compression index, .1= 0.221, the void ratio , e0 = e= 1.45, the critical state parameter, M= where F'-_-(dFldH) and since H includes the consistency parameter A in degree one , and ( ) stands for the material-time derivative. Then, we assume that the elastic part of stretching De is related to the co-rotational (Jaumann) rate of effective Cauchy stress , where F0 is the initial value of F, which means the preconsolidated effective mean stress, J(= det F> 0) is the Jacobian of the deformation gradient tensor F. .1, and K are material parameters describing the slope of the compressive and swelling lines, respectively, in the (e, In p') space.
In case of the subloading surface model with tangential stress rate effect, for plastic loading (R = 1), the terms in Eq. (A2) can be written as (A15) (A16) (A17) where p and y are material parameters describing the slope of the compressive and swelling lines, respectively, in the (ln v, In p') space (v: specific volume) (Hashiguchi, 1995) .
APPENDIX II
In the case of non-coaxial Cam-clay model, Yatomi et al. (1989) introduced the non-coaxial term into the stress-strain relation of Cam-clay model after Rudnicki and Rice (1975) . The additional non-coaxial term; which is work-less and, therefore, makes no contribution to the rate of plastic energy loss, then; (A18) where /=,60, z= HSI I 4, ,6=-M-qlp', DP* is the deviatoric part of DP, h(=p'fil0D) and h1(=P'fil,A) 
